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Selective and collective actuation in active solids

P. Baconnier®'%, D. Shohat'?, C. Hernandez Lépez3#, C. Coulais ©5, V. Démery ®'¢, G. Diiring>*

and O. Dauchot®'2<

Active solids consist of elastically coupled out-of-equilibrium units performing work'". They are central to autonomous pro-
cesses, such as locomotion, self-oscillations and rectification, in biological systems’*-?*, designer materials?® and robotics?’*'.
Yet, the feedback mechanism between elastic and active forces as well as the possible emergence of collective behaviours in a
mechanically stable elastic solid remains elusive. Here we introduce a minimal realization of an active elastic solid in which we
characterize the emergence of selective and collective actuation resulting from the interplay between activity and elasticity.
Polar active agents exert forces on the nodes of a two-dimensional elastic lattice. The resulting displacement field nonlinearly
reorients the active agents. For a large-enough coupling, a collective oscillation of the lattice nodes around their equilibrium
position emerges. Only a few elastic modes are actuated and crucially, they are not necessarily the lowest energy ones. By
combining experiments with the numerical and theoretical analyses of an agent's model, we unveil the bifurcation scenario and
selection mechanism by which the collective actuation takes place. Our findings may provide a new mechanism for oscillatory

dynamics in biological systems'*'%2"24 and the opportunity for bona fide autonomy in metamaterials3**,

elastic solids and active liquids*~** (Fig. 1a). On one hand,

the positional degrees of freedom of their constituting units
have a well-defined reference state. On the other hand, activity
endows these units with an additional free degree of freedom in the
form of polar, or dipolar, active forces. In active liquids, aligning
interactions between these forces lead to collective motion. In active
solids, these active forces deform the elastic matrix and induce a
strain field, which depends on the forces’ configuration. This strain
tensor will, in turn, reorient the forces. This generic nonlinear
elasto-active feedback, a typical realization of which is the contact
inhibition of locomotion of cells'*', opens the path towards spon-
taneous collective excitations of the solid, which we call collective
actuation. In this work, we propose a minimal experimental setting
and numerical model in which we unveil the modal selectivity of
collective actuation and its underlying principles.

We consider crystalline lattices with an active particle (at the
center of each node) with a fluctuating orientation (Fig. 1b and
Methods). Each node has a well-defined reference position, but
will be displaced by the active particles (Fig. 1c). In contrast,
the polarization of each particle is free to rotate and reorients
towards its displacement (Fig. 1d, Supplementary Section 2.2.2
and Supplementary Video 1). This nonlinear feedback between
deformations and polarizations is characterized by two length
scales: (1) the typical elastic deformation caused by active forces I,
(Fig. 1c) and (2) the self-alignment length /, (Fig. 1d). We comple-
ment the experiments with numerical simulations of elastically cou-
pled self-aligning active particles* (Methods). In the overdamped,
harmonic and noiseless limits, the model reads

ﬁ ctive solids'~"* combine the central properties of simple

(1a)

il,‘ = Jl'fl;‘ — Mljuj,

(1b)

fl,' = (fl, X ﬁi) X fli,

where the ratio of the elasto-active and self-alignment lengths,
n=1,/1, which we refer to as the elasto-active feedback, is the unique
control parameter. Here 1; is the polarization unit vector, u, is the
displacement field with respect to the reference configuration and
M is the dynamical matrix (Supplementary Section 3.1).

If not hold, such an active solid adopts the translational and/or
rotational rigid-body motion dictated by the presence of zero modes
(Supplementary Videos 2 and 3), as reported in other theoreti-
cal models®>'°. Here we are interested in stable elastic solids, with
no zero modes. We, therefore, explore the emergence of collective
dynamics in elastic lattices pinned at their edges. For both trian-
gular (Fig. 2, top) and kagome (Fig. 2, bottom) lattices, we observe
a regime in which all the lattice nodes spontaneously break chiral
symmetry and rotate around their equilibrium position in a collec-
tive steady state (Fig. 2a and Supplementary Videos 5 and 8). This
dynamical and chiral phase, which is reminiscent of oscillations in
biological tissues'**, is clearly different from collective dynamics in
active fluids*>* and rigid-body motion in active solids™*’.

The dynamics are best described when projected on the normal
modes of the elastic structure sorted by order of growing ener-
gies. The dynamics mostly condensate on two modes (Fig. 2b) and
describe a limit cycle driven by the misalignment of the polarity
and displacements (Fig. 2d). In the case of the triangular lattice,
the selected modes are the two lowest-energy ones. Interestingly, in
the case of the kagome lattice, these are the fourth and fifth modes,
not the lowest-energy ones. For both lattices, the selected pair of
degenerated modes are strongly polarized along one spatial direc-
tion; they are extended and the polarization of modes in each pair
are locally quasi-orthogonal (Fig. 2c). The numerical simulations
confirm the experimental observations, indicating that collective
actuation is already present in the harmonic approximation and is
not of inertial origin. It also allows the observation of additional
peaks in the spectrum, which belong to the same symmetry class as
the two most actuated modes (Fig. 2b and Supplementary Section

'Gulliver UMR CNRS 7083, ESPCI Paris, Université PSL, Paris, France. 2School of Physics and Astronomy, Tel Aviv University, Tel Aviv, Israel. 3Instituto de
Fisica, Pontificia Universidad Catdlica de Chile, Santiago, Chile. *“ANID—Muillenium Nucleus of Soft Smart Mechanical Metamaterials, Santiago, Chile.

5Van der Waals-Zeeman Institute, Institute of Physics, Universiteit van Amsterdam, Amsterdam, The Netherlands. Univ Lyon, ENSL, CNRS, Laboratoire de
Physique, Lyon, France. ®e-mail: paul.baconnier@espci.fr; olivier.dauchot@espci.fr

NATURE PHYSICS | www.nature.com/naturephysics


mailto:paul.baconnier@espci.fr
mailto:olivier.dauchot@espci.fr
http://orcid.org/0000-0003-3526-7605
http://orcid.org/0000-0002-3174-5836
http://orcid.org/0000-0001-7546-0384
http://orcid.org/0000-0002-7039-5787
http://crossmark.crossref.org/dialog/?doi=10.1038/s41567-022-01704-x&domain=pdf
http://www.nature.com/naturephysics

ARTICLES

NATURE PHYSICS

a Reference configuration for the position
Active liquids Active solid Elastic solid
A Q @ 4
0 29~ ****
°2 e o
00 ® WS
R/_J
Polarities are free to rotate
b c ,
OFF  —
e
ON :
3 F,

Fig. 1| Active-solids design principle. a, Active solids have positional
degrees of freedom with a reference state, and a free-to-rotate polarity
vector in the direction of the active force. b, Active unit: a HEXBUG is
trapped in a three-dimensionally printed cylinder. ¢, The active component,
confined here in a linear track and attached to a spring of stiffness k,
produces an active force of amplitude F in the direction of polarity n
and elongates the spring by length I,=Fy/k. d, Mechanical design of the
HEXBUG—mass distribution and shape of the legs—is responsible for
its alignement towards its displacement, here imposed manually, of the
cylinder (Supplementary Information provides a quantitative measure of
the self-alignment length [,).

7). As evident below, these properties are at the root of the selection
principle of the actuated modes.

The transition to the collective actuation regime (Fig. 2¢) is con-
trolled by the elasto-active feedback. The larger it is, the more the
particles reorient on elastic deformations. Below the first threshold
7y, the active solid freezes in a disordered state, with random polar-
izations and angular diffusion (Supplementary Videos 4 and 7).
Beyond the second threshold 7,, collective actuation sets in: syn-
chronized oscillations take place and the noiseless dynamics follow
a limit cycle, composed of several frequencies in a rational ratio
(Supplementary Section 10.2). In between, the system is hetero-
geneous (Fig. 2f and Supplementary Video 6), with the oscillating
dynamics being favoured close to the center, whereas the frozen
disordered regime invades the system layer by layer, from the edges
towards the center, as z decreases (Supplementary Video 11).

Simulations with increasing values of N, as the physical size L
is kept constant (Methods), indicate that collective actuation sub-
sists for large N (Fig. 3). The successive deactuation steps converge
towards a regular variation of the fraction of nodes activated in
the center of the system, f., (Fig. 3c,d and Supplementary Videos
12 and 13). At the transition to the frozen disordered state, when
=1y, the fraction of actuated nodes drops discontinuously to
zero, from a finite value f(,, which decreases with N, but saturates
at large N (Fig. 3d). In the case of triangular lattices, the collective
oscillation frequency €2, measured in the region of collective actua-
tion, continuously decreases to zero (Fig. 3d, top). This is, however,
non-generic: in the case of kagome lattices, very close to the transi-
tion, the dynamics condensate on a different set of modes, pointing
at the possible multiplicity of periodic solutions. The transition is
essentially discontinuous. Most importantly, the spectrum dem-
onstrates that inside the collective actuation regime, the symmetry

class of modes that is selected is independent of the system size
(Fig. 3e). The selection of the most actuated modes is again dic-
tated by the geometry of the modes and not only by their energies.
In all cases, the condensation level remains large, with a large con-
densation fraction 4,, (Methods) for a wide range of values of z
(Fig. 3d, inset).

Altogether, our experimental and numerical findings demon-
strate the existence of a selective and collective actuation in active
solids. This new kind of collective behaviour specifically takes place
because of the elasto-active feedback, that is, the reorientation of
the active units by the displacement field. The salient features of
collective actuation are threefold: (1) transition from the disordered
phase leads to a chiral phase with spontaneously broken symmetry;
(2) actuated dynamics are not of inertial origin; they take place on
a few modes and are not always the lowest-energy ones, and there-
fore, they obey non-trivial selection rules; (3) transition follows the
coexistence scenario, where the fraction of actuated nodes discon-
tinuously falls to zero. Hereafter, we unveil the physical origins of
these three attributes.

At large scales, the dynamics of the displacement and polariza-
tion fields, U(r,t) and m(r, t)—the local averages of microscopic
displacements u; and polarizations n;, respectively—are obtained
from a coarse-graining procedure (Supplementary Section 6) and
are read as

0;U=rmm + F,, (2a)

2

om = (m x 9,U) x m + 1-m

— Drm,
) atU m

(2b)

where the elastic force F.[U] is given by the choice of a constitu-
tive relation and the relaxation term —D,m results from the noise.
Assuming linear elasticity, the frozen phase, in which the local ran-
dom polarities and displacements average to U=0 and m=0, is
stable for small elasto-active feedback. It becomes linearly unstable
for 7 > 1 = 2 why,, where @2, is the smallest eigenvalue of the
linear elastic operator (Supplementary Section 6.5). We then look
for homogeneous solutions, assuming condensation on two degen-
erated and spatially homogeneous modes, such that F. = —@3U,
where wj is the eigenfrequency of such modes. For 7 > w§, we find
a polarized chiral phase oscillating at frequency

2 =wo\/7m — i (3)

In the limiting case D,=0, |m|=1 (Supplementary Section 6.6).
The resulting mean-field phase diagram (Fig. 4a), thus, captures the
existence of frozen and chiral phases and their phase-space coexis-
tence for a finite range of elasto-active feedback. However, with the
disordered m =0 and the polarized chiral oscillating solutions being
disconnected, the nature of the transition is controlled by inhomo-
geneous solutions, which cannot be investigated within perturba-
tive approaches.

Alternatively, we turn ourselves to simpler geometries in which
exact results can be obtained. The first important hint at the nature
of the transition towards the chiral phase concerns the structure of
the phase space and is best understood by considering the dynam-
ics of a single particle (Fig. 4b, Supplementary Videos 9 and 10 and
Supplementary Section 5). Below 7. = wj, the phase space for dis-
placements contains an infinite set of marginal fixed points, orga-
nized along a circle of radius R = 7/@}. At x., the escape rate of
polarity—away from its frozen orientation—becomes faster than
the restoring dynamics of displacement. As a result, the later per-
manently chases the polarity and stable rotation sets in. All the
fixed points become unstable at once; and a limit cycle of radius
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Fig. 2 | Selective and collective actuation in two-dimensional elastic lattices, pinned at their edges. The panels in the top row refer to a triangular

lattice with N=19; those in the bottom row refer to a kagome lattice with N=

12. a, When embedded in an elastic lattice, a large-enough elasto-active

feedback x drives the system towards collective actuation dynamics (red arrows, polarities nj; trajectories are colour coded from blue to red with respect
to increasing time; scale bars, 10 cm). b, Spectral decomposition of the dynamics on the normal modes of the lattices, sorted by order of growing energies
(grey, experiments; blue, numerics). The horizontal dashed lines indicate equipartition. The bottom colour bars code for the symmetry class of the modes
(Supplementary Section 7). The grey area represents the 1o confidence interval on the experimental measurement. ¢, Schematic of the two most excited
modes, which are not necessarily the lowest-energy ones. d, Normal-mode components of the active forces as a function of the normal-mode components
of the displacements (blue/red, projection on the data in ¢; grey, other modes). The symbol size is set to represent the 16 confidence interval on the
experimental measurement. e, Transition to the collective actuation regime: average oscillation frequency £ as a function of z (plain bullets, experiments;
open circles, numerics). Background colours code for the dynamical regime (light blue, frozen and disordered; light green, heterogeneous (H); dark

green, collective actuation). Triangular: z;p =0.800, 7., =1.290; kagome: 7, =0.564, 7., =0.600. The error bars represent the 1o confidence intervals,

inherited from the uncertainty in the microscopic parameter measurements.

f, Individual oscillation frequencies w; illustrating the coexistence dynamics in

experiments and numerical simulations (triangular lattice, 7.,,/7,,,=1.220/1.090; kagome lattice, 7.,/ 7,,» = 0.723/0.564).

R = (n/ax) "2 and oscillation frequency 2 = wo+\/7 — w3, identi-
cal to the one obtained from the mean-field approach, continuously
branches off (Fig. 4c,d). Note that the oscillating dynamics does not
arise from a Hopf bifurcation, but from the global bifurcation of a
continuous set of fixed points into a limit circle.

Understanding how the nonlinear coupling of N such elemen-
tary units leads to the selection mechanism of the actuated modes
requires a more involved analysis. From equation (1), it is evident

that any configuration ({ﬁi}, {ui = nMi]_.lﬁj}) is a fixed point

of the dynamics. In contrast with the one-particle case, the lin-
ear destabilization threshold z.({n;}) depends on the fixed-point
configuration (Supplementary Section 4.4). These thresholds are
bounded: z™" < z.({f;}) < 7. A first fixed point becomes
unstable for 7 = 7™ = @2, where @2, is the smallest eigen-

value of the dynamical matrix M (Supplementary Section 4.5) and
an upper bound for z{'"™* (Supplementary Section 4.6) reads
a),2 + w}

PP — min :
d (i} <6(|<Pi>’ <Pj>)>

The function c(e,e) only depends on the eigenvectors of M,
namely, {|@,)}. It is bounded between 0 and 1 and is the maximum
when modes |¢,) and |¢;) are extended and locally orthogonal. More
specifically, the pair of modes that dominates the dynamics, that is,
{l®.) |2} for the triangular lattice and {|¢,), |@;)} for the kagome
lattice, are precisely the ones that optimize the bound. The con-
struction of this bound is very general. It demonstrates that for any

“)
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stable elastic structure, there is a strength of the elasto-active feed-
back above which the frozen dynamics is unstable and a dynami-
cal regime must set in. It also captures the mode selection in the
strongly condensed regime. Our findings about the linear stability
of the fixed points for the triangular and kagome lattices are sum-
marized in Extended Data Fig. 1.

The fact that some fixed points loose stability does not imply
that collective actuation sets in: from these fixed points, the system
can either slide into a neighbouring stable fixed point or condensate
on some dynamical attractor. An exact theory to describe this con-
densation process is still missing in the general case, but can be for-
mulated in the simpler, yet rich-enough, case of a linear chain of N
active particles, fixed at both ends. In the zero-rest length limit of the
springs, the rotational invariance of the dynamical equations ensures
that the eigenvalues and eigenvectors of the dynamical matrix are
degenerated by pairs of locally orthogonal modes. In such a situation,
the limit-cycle solution, corresponding to the collective actuation
regime, is analytically found (Supplementary Section 9.2), leading
to a precise transition diagram (illustrated here for N=7; Fig. 4e).
When 7 exceeds the threshold value 7,, the limit cycle is stable. We
have checked that it is the only stable periodic solution, up to N=20.
If ca < m < 2™, it coexists with an infinite number of stable fixed
points. The evolution of their respective basins of attraction can
be largely understood by studying the N=2 case (Supplementary
Section 9.3.1 and Supplementary Fig. 9). For 7 <x,, the dynamics
leave the limit cycle and become heterogeneous.

The physical origin of spatial coexistence lies in the normal-
ization constraint of the polarity field, namely, || fi; ||= 1, which
translates into a strong constraint over the radii of rotation, namely,


http://www.nature.com/naturephysics

ARTICLES NATURE PHYSICS
a c d e
5 5 5 10°
4 = 4| il
T3] T3] o107
1 Hz s 87 1 =
0 0 1 G § 10-4,
0 1 0 1 2 N
r r ~
1,
107°
b % "+ w [T ST ETTTE
o o 0 T T
e S 0 10 20 30 1 20 40 60 80
L[ L[ T n k index
104 8 10°
o :
2 0.8 T 6 A
& == < 10
. 0.6 = < = L =
“© QO 47 s
0.4 5L 107
B 5 |
0.2 | | | 1078
0 N 10w [T LTI
0 T T 0 T T
0 10 20 30 0 10 20 30 1 20 40 60 80
T n k index

Fig. 3 | Large-N lattices. a, Radial distribution of the individual oscillation frequencies w; (left, triangular lattice with N=1,141; right, kagome lattice with
N=930). The plots are colour coded from light to dark green as x increases (triangular lattice, for r€[1.5,1.6,1.7,1.8,1.9, 2.0, 2.5, 3.0,5.0,10.0,30.0];
kagome lattice, for z€[4.0,5.0,6.0,7.0,8.0,9.0,10.0,11.0,12.0,13.0,14.01). b, Spatial distribution of |w,| (left, triangular lattice with N=1,141; right,
kagome lattice with N=930); the z values are as indicated. ¢, Collective actuation fraction f., as a function of z for increasing N, colour coded from light
to dark blue (the inset shows that f., at the onset of collective actuation saturates to a finite value at large N). d, Collective oscillation frequency Q¢4

as a function of z for increasing N; the same colour code is followed (triangular lattices, N=7,19,37,61,91,127,169, 217,271, 631,1,141; kagome lattice,
N=12,42,90,156,240,462,930) (the inset shows the condensation fraction on the selected symmetry class, 4,,, as a function of z for increasing N).
e, Spectral decomposition of the dynamics on the normal modes of the lattices, sorted by order of growing energies (only the first 80 modes are shown,
both for z=10). For c-e, the top row shows the data for the triangular lattice and the bottom row, for the kagome lattice.

R;>1 (Supplementary Sections 9.2.3 and 9.2.4). Whenever R,
becomes unity, the polarity and displacement vectors become par-
allel, freezing the dynamics. The spatial distribution of R, is set by
that of the modes selected by collective actuation, with particles
closer to the boundaries having typically a smaller radius of rota-
tion than the ones at the center. The threshold value 7.,, below
which the dynamics leave the limit cycle, is precisely met when
the particles at the boundary reach a radius of rotation R=1. For
7 <7mc,, competition between the outer particles (which want to
freeze) and the central particles (which want to cycle) leads to the
sequential layer-by-layer deactuation (Fig. 4f) for a linear chain
with N=7 and observed both experimentally and numerically. The
threshold value 7y, is reached when, eventually, the remaining par-
ticles at the center freeze and the system discontinuously falls into
the frozen disordered state.

Altogether, we have shown that (1) the chiral phase takes its
origin in the one-particle dynamics; (2) the selection of modes
results from the nonlinear elasto-active feedback, which con-
nects the linear destabilization of the fixed points to the spatial
extension and local orthogonality of pairs of modes; (3) spatial
coexistence emerges from the normalization constraint of the
polarity fields.

The role of noise, which was not considered in numerical and
theoretical analysis, is another matter of interest. In the frozen
disordered regime, noise is responsible for the angular diffusion
of polarities amongst the fixed points. In the collective actuation
regime, the noise level present in the experiment does not sub-
stantially alter the dynamics. Numerical simulations confirm that
there is a sharp transition at a finite noise amplitude D, below
which collective actuation is sustained (Extended Data Fig. 2a).
For noise amplitude much lower than D, the noise merely reduces

the mean angular frequency 2 (Extended Data Fig. 2b). Closer
to the transition, the noise allows for stochastic inversions of the
direction of rotation, restoring the chiral symmetry (Extended
Data Fig. 2¢).

Finally, it has been shown very recently that non-symmetrical
interactions, together with non-conservative dynamics, generically
lead to chiral phases*'. Here the polarity and displacement vectors
of a single particle do experience non-symmetrical interactions,
the phase of the displacement chasing that of the polarity. By map-
ping the coarse-grained equations to the most general equations,
one can write for rotationally symmetric vectorial order parame-
ters”’; we find that the macroscopic displacement and polarity fields
also couple non-symmetrically (Methods). This suggests a pos-
sible description of the transition to collective actuation in terms
of non-reciprocal phase transitions. If this were to be confirmed
by a more involved analysis of the large-scale dynamics, it would
motivate the study of disordered-to-chiral phase transition in active
solids, which has not been addressed theoretically yet. In the same
vein, one may ask whether the coarse-grained system shall obey
standard or odd elasticity".

More generally, the recent miniaturization of autonomous active
units* opens the path towards the extension of our design principle
to the scale of materials science. In this context, extending the rela-
tion between the structural design of active materials—including
the geometry and topology of the lattice, presence of disorder and
inclusion of doping agents—and their spontaneous actuation offers
a wide range of perspectives.

Online content
Any methods, additional references, Nature Research reporting
summaries, source data, extended data, supplementary information,
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Fig. 4 | Mean-field, single-particle, one-dimensional-lattice phase diagrams. a, At the mean-field level, the disordered m=0 phase (black line) coexists
with the fully polarized (|m|=1) chiral (2> 0) phase (red line) for z € [a)é, Zmﬁﬂn]. b,c, A single active unit connected to three static vertices of a regular
triangle (red arrow, polarity n; trajectories are colour coded from blue to red with respect to increasing time; scale bar, 10 cm; the inset shows a zoomed-in
view of the active unit) (b) and it oscillates with an average rotation frequency £ increasing with z (c); (e, experimental data; continuous line, analytical
expression (equation (3)); dot-dash line, numerical values in the presence of a bias; z.=1.77). The error bars represent the 1o confidence intervals,
inherited from the uncertainty in the microscopic parameter measurements. d, Phase-space structure of the displacements: for z < a%, an infinite set of
marginal fixed points forms a circle of radius R = ﬂ/a)é; for n > wé, all such fixed points are unstable and a limit cycle of radius R = (n/w(z)) branches
off continuously. e f, Collective actuation in a zero-rest chain length of N=7 nodes, pinned at both ends. e, Average oscillation frequency £ as a function
of z (continuous line, limit cycle found analytically; horizontal lines (£2=0), range of existence of only stable (continuous), only unstable (dashed) and
coexisting stable and unstable (dot-dash) fixed points; ¢, numerical data; the same background colour as that in Fig. 2e). nE’"”: 0.152, z"**=0.280,
72PP=0.304, 7, =0.195, 7, = 0.426. f, Individual oscillation frequencies w, for increasing values of z=[0.20,0.33,1.00] in the N=7 chain. The radii of the
coloured circles code for the average trajectory radius. The black and grey contours indicate R;>1and R; <1, respectively.
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Extended Data Fig. 1| Fixed points stability thresholds for the experimental's structures. (a/c) Stability thresholds upper-bound n;{,ﬁk} computed

from Eq. (S45) for every pair of modes. The darker the pixel, the greater the upper-bound found. Remarkably, the best bound is always achieved for

the pair of modes concerned by the condensation. (b/d) Fraction of stable fixed points as a function of z. The fraction of stable fixed points (e) is
computed by integrating the histogram of the stability thresholds found by Eq. (S36) on one million configurations of the polarity field, drawn randomly
and independently. Inset: sketch of the two most excited modes, which realized the best bound in (a/c). (a/b) For the triangular lattice pinned at the
edges (@=1.29). zM"" = 0.676, 77" = 1.20, z:P® = 1.49 (c/d) For the kagome lattice pinned at the edges (¢=1.02). z"" = 0.375, z"> = 0.75],
PP = 0.883.
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Extended Data Fig. 2 | Effect of the noise on the collective actuation regime. (a) Averaged (over time) mean angular frequency (over particles) in
absolute value as a function of D for z=2.0. The gray area represents the 1-o fluctuations. (b) Averaged (over time) mean angular frequency (over
particles) in absolute value as a function of z for increasing angular noise. From top to bottom, D=0,1073,10-2,2.10-2,5.10~2 Fluctuations are not shown for
sake of clarity. (c) Mean (over particles) angular frequency as a function of time for z=2.0 and D=10""in the triangular lattice pinned at the edges.
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